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G^ ! For A a limit ordinal let E\ Be the set of elementary embeddings j : (Va, e) 

(Vai e)^ 3 not the identity. Then the existence of a A such that E\ is nonempty is a 
strong large cardinal axiom (Kanamori-Reinhardt-Solovay [5]). For j G E\ let cr j 
! be the critical point of j. Then A = sup{j"(cr j) : n < cu} (Kunen [7]). 
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and let Vj be the closure of {j} under ■ and o. A theorem of [9] is that Aj = A, 



For J, /c G let J • /c = IJ i ( ^ ) 5 then j-k E £\ (details are reviewed below) . 
^ . Writing jk for j ■ /c, we have that ■ is nonassociative, noncommutative, and satisfies 
"5 . the left distributive law a{hc) = {ah){ac). Letting j okhe the composition of j and 
/c, it is seen that {£\, ■, o) satisfies ^ = {a o (6 o c) = (a o 6) o c, (a o h)c = a{bc), 
a{b o c) = ab o ac, a o b = ab o a}. Yl implies the left distributive law (a(6c) = 

> . 

'sf . (a o b)c = {ab o a)c = (a6)(ac)). For j G S\, let Aj be the closure of {j} under 

(N 
O . 

psj . the free left distributive algebra on one generator, and Vj '^V, the free algebra on 
0\ , 

"Th ! one generator satisfying 
g ■ For j G S\ let cr Aj = {cr k : k G Aj}. Let kq = crj, Kn+i = j(Kn)- Then 

' = cr G cr^j. But there are other members of cr^^-; cr is 

between K2 and K3. Let f{n) be the cardinality of {7 E cr Aj : Kn < ■y < t^n+i}- 
Then /(O) = 0, /(I) = 0, /(2) = 1, but the author, in calculations, noted that 
there are many critical points of members of Aj between ks and K4. 

At present an upper bound for /(3) hasn't been computed, but Dougherty has 
calculated a very large lower bound. In addition, Dougherty [4] proved that / even- 
tually dominates the Ackermann function and is thus not primitive recursive. Miss- 
ing still was a proof that the /(n)'s, even for n = 3, are finite, that is, that the order 
type of crAj is uj. We shall prove this here. It is a joint result with Steel. Namely, 
Steel in [14] proved that if k^ E £\ {n < u) and In = (((/co^i)^2) ■ ■ ■kn-i)km then 
swp{crin : n < uj} = X. This is gotten as a simpler special case of the nontrivial 
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studies undertaken in [13], [11], [12], [14]. Steel's result plus results in this paper 
give that each /(n) is finite. 

The above methods yield a sequence of algebras (P„ : n < a;) , Card P„ = 2" 
(with Aj, Vj subalgebras of the inverse limit of {Pn : n < w)), in which computations 
of the critical points can be carried out. It follows that if w and u are terms in one 
variable x in the language of • and o, and tufj], tt[j] the corresponding members of Vj, 
then the question, whether or not cr (ty[i]) < cr (w[i]), is recursive and independent 
of j. 

Lastly it is shown that if A;, £ e Aj and k \ cr Aj = £ t cr Aj, then k = £. 

The paper is organized as follows. Lemma 1-Theorem 4 are preliminaries and 
a recalling of some results from [9]. In showing Aj = A, Vj = P, a number of 
combinatorial facts about A and V were proved. One of them, the irreflexivity 
property, was derived from a large cardinal axiom. Recently Dehornoy [3] has 
proved irreflexivity in ZFC; thus the known results on the structure of A and V are 
true in ZFC. Theorems 5 and 6 summarize these properties. Lemma 7-Theorem 
13 give the abovementioned results about embeddings. 

We assume familiarity with large cardinals and elementary embeddings ([5], 
[6]). A will always be a limit ordinal. If j & £x, extend j to a map j : Vx+i Vx+i 
by defining, for A C Vx, j{A) = [j j{AnVa). A special case is where A, as a set of 

ce<X 

ordered pairs, is a /c e V^- That j{k) e £x may be checked directly; it also follows 
from 

Lemma 1. For A C Vx, j : {Vx,€,A) {Vx.,e,jA) is elementary. 

Proof. Suppose W is a first order sentence in the language of {Vx, e, C, cq, . . . , Cr), 
where C CVx and each q G Vx- Expanding the language, let ^* = Vxq • • • Va^^^^', 
^' quantifier free, be the Skolemization of : (Vx, e, C, cq, . . . , Cr) |= iff there 
are fi : {Vx)"^' Vx such that {Vx, e, C, cq, . . . , c^, /o, • • • , fn) |= We have that 
{Vx,e,C,co,... ,c^,/o,... ,/n) h ** iff, letting 73 (xo, .. . ,Tp{xo, . . . ,Xm) 

be the terms occurring in W, then for eventually all/unboundedly many S < X, 



To prove 



( ff\Ti{xQ, ... , Xm) exists) ^ '^'{xq, . 
the lemma, we are given (Vx, e, ^, ao) • • • jf^r) H Pick /o, • • • , /n such that 



(Vx, ^, oo, • • • 5 Or, /05 • • • 5 /n) |= Then for eventually all 5 < A, (Vj, e, ^ n 
V^, ao, . . . , a^, /o n y^, ...,/„ n V^) h whence by elementarity {y^^, e,jA n 
Vj,5, jao, . . . JarJfoDVjs, . . . Jfn(^Vjs) \= ^js- Thus (Va, ejAjao, . . . JarJfo, . . . , j/n) H 
so {Vx,e,jA,jao,... ,jar) h 

For J, k E S\ let j • /c (abbreviated jk) = j{k). Let j o be the composition 
of j and k. For ko,ki, . . . ,kn € let kokik2 ■ ■ ■ kn — {{{koki)k2) ■ ■ ■ )kn and let 
kQk\k2 ■ ■ ■ kn-i okn = {{{{koki)k2) ■ ■ ■ )kn-i) o kn- Write k = koki ■ ■ ■ kn-i * kn to 
mean that k = koki ■ ■ ■ k^-ikn ot k — k^ki ■ ■ ■ kn-i o kn- Make these conventions 

also for other algebras on operations • and o. For ^ < A let log^(^) be the least ii 

* e 
with k{iJi) > 6. Define k[y^e to be {{x^y) G x Vg,?/ e k{x)}. Let k = £ mean 

that kCWe = ICWe, andlet k = £ if k \ Vg ^ £ \ Vq. 



The following is a list of properties of £x which will be used without comment 
below. If e q; > cr fc, then k{a) > a. For k^j G Sx, cr kj = k{cr j). If a < cr k, 
then kj(a) = k{ja). Define j{< d) = sup{j/3 : P < a}. We have j{< a) < j{a) iff 
cfa > cr j; {j o k){< a) = j{< k{< a)). If k,£o,£i, . . . ,£n E £x and cr A; = 7, then 

Wl • • • £n-l * in = io£l ■ ■ ■ in-1 * £n- 

Let jjL = logfc 9. Then ii k ^ £, then = log^ 6. k = £^k = £^k = £. 

k£f]Ve = k{£f]V^)f]Ve. Uk = k',£ = £', then ko£ = k' o£'. Ifk = k',£^ £', then 
k£ = k'£'. 

Lemma 2 ([9]). Suppose k,£o,£i, . . . ,£n e £x- Let ark = 7 and for m < n, 

9m — min{/c£o ■ ■ "^1(7) '■ ^ < (say 9m — ^ if m = 0). Then 
(i) k£o---£n = k{£o---£n). 
(a) 9n = min{A;(£o • ■■ii){l) : ^ < n}. 
(in) if for all m < n, cr{£o ■ ■ ■£m) < 7? then 

(a) 9n > k{-f). 

(b) ifS<^ and {£0 ■ ■ ■£n)iS) = 7, then k£o ■ ■ ■£n{S) = k{£Q ■ ■ ■£n){5) = k{^). 

T) t l;\ ID,, ;„ J,,„j-; rri,„ „ n ;„ u,, J„f;„;j-; — c ;j- J„ c 
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1. Since cr = 7, £^ = kin- Applying kio ■ ■ ■ in-i to both sides and using the induc- 
tion hypothesis A;£o ••• -^n-i-^n ^-i(l') . . . £^_^(^k£^^ k{£o ■ ■ ■ £n-i){k£n) = 
A;(£o---4-i-^n)- Since ^ — min{A;£o ■ ■ '-^n— 1(7)) ^n— 1}) we are done. 

(ii) By induction on n, using (i). If either of k£o ■ ■ -£^1-1(7)5 k{£o ■ ■ •£n-i)(7) is 

less than 9n-i, then k£o ■ ■ ■£n-i{'y) = k{£o ■ ■ (7) = On- Otherwise, min{A;(£o • • '■ 

i < n} = min{/c£o ■ ■ ■ -^1(7) : i < n} = 9n-i — On- 

(iii) For (a), On = k{£o ■ ■ ■£i){'^) for some i < n- And k{£o ■ ■■£i){'^) > 

ki£o ■ • •^i)[(log,„...,, 7)+l] = m ■ ■ ■mmog,,...e, 7)+l]) = H^o ■ ■ ■ m^og.^-e, 7)+ 
1]] > k{j)- Part (b) follows form (i) and (iii)(a). 

Corollary 3 ([9]). Ifn>0, fco, fci, . . . , fcn e £\, then ko 7^ koki • • • kn-i * kn- 

Proof. Assume ko = koki ■ ■ ■ kn- Let 7 = max{cr (koki ■ ■ ■ ki) : < i < n}, and 
let £ be a koki ■ ■ ■ ki with cr£ = 7. Since ■ ■ ■ k^ko ■ ■ ■ ki = £, there would be 

uojUi, ... ,Ur with cr £ = 7, cr {£uo • ■ ■ ut) < 7 (t < r), and cr (£uq ■ ■ ■ Ur) = 7. But 
this is impossible by Lemma 1. Le., 7 = cr (£tto • • • Mr) = £uo ■ ■ ■ Ur-i{cr Ur) , so 
cr Mr < 7 since cr {£uo ■ ■ ■ Ur-i) < 7. Since Or-i > 7, we have £uo ■ ■ ■ Ur-i{cT Ur) = 
£{uq ■ • • Ur-i){£{cv r)) — £{uq • • • Ur-i{cr Ur)) , but 7 ^ ranged, a contradiction. And 
if ko = koki ■ ■ -kn-i o kn, then koki = koki ■ ■ ■ kn-i{knki), which reduces to the 
previous case. 

Recall that A is the free algebra on one generator x satisfying the left dis- 
tributive law, and V is the free algebra on one generator x satisfying Then 
A = A/ =, where A is the set of terms in the language of • in one variable x, 
and for w,v G A, w = V if w and v are equivalent using the left distributive law. 
Similarly V = P/ =, where P is the set of terms in x in the language of • and o, 
and = means equivalent using The same notation = is used because if u,v E A 
and u = V via then u = v via the left distributive law ([9], section 1). So ^ 
may be viewed as a subalgebra of V restricted to • . 

Theorem 4 ([9]). For j e Sx, Aj ^ A, Vj ^ V. 

T-iu„ — 1,, — u„l ;„ l; ] — ; , rpi r 
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but we recount some general facts about A and V. Every member w of is a 
composition wi o W2 o ■ ■ ■ o Wc(w)j each Wi e A, where c{w) only depends on w. If 
w e V, let = w, = w^^w^^. Then for i < n, w^^^w^"^^ = w^''+^^ by 

induction using the left distributive law. 

For u,w & V write u < w if w can be written as a term of length greater than 
one in members of V, at least one of which is u. Write u <l w if u occurs on the 
left of such a term: w = uuqUi ■ ■ ■ Un-i * Un- Then <l is transitive and x <l w iov 
all If e P — {x}. If w <L V, then aw <l a o w <l av. If p & V, then it is seen by 
induction that for sufficiently large n, p <l a^^"-* and px^'^^ = a;^"'''''^^^^). 

In [9] it was shown that <l is a linear ordering on A and V. The statement that 
<!, is ir reflexive was derived as a consequence of a large cardinal axiom: it follows 
from Corollary 3. The remaining part of the linear ordering theorem involved a 
normal form for the members of A and V. 

Dehornoy ([1], [2]) independently proved the remaining part of the linear or- 
dering theorem (that for all a,b e A at least one of a <l b, a = b, b <l a holds) in 
ZFC, by a different method. For u,v E A, let u ^ v mean that there is a sequence 
u = uqjUi, . . . ,Un = V where Ui+i comes from Ui by replacing a component of 
the form a{bc) by {ab){ac). Then ([1]) the rewriting rules for A are confluent: if 
u,v E A, u = V, then for some r E A, u ^ r and v ^ r. More recently ([3]) 
Dehornoy has proved the irreflexivity of <l in ZFC and found a representation of 
A in terms of an operation on certain braid words. Theorem 5 contains results 
about A and V from ([9]), which used irreflexivity and which are now known from 
ZFC via Theorem 6. 

For u & V d: tt-prenormal sequence is a term uqUi ■ ■ -ttn-i * Un {n > 0) of 
members of V, where u — uq and Ui+2 <l uqUi ■■ - Ui for all i < n — 2, and in the 

case * = O, tt„ <L UqUi ■ ■ •ttn-2- 

Theorem 5. On A and V, 

(i) <L is a linear ordering. 
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(Hi) the word problems are decidable. 

(iv) if u <L V, then there is a (unique) u-prenormal sequence equal to v. Moreover, 
let {T,£) be the rooted, labelled tree such that £{rootT) = v, £{t) <l u ^ t is 
maximal inT, u <l £{t) = uqUi ■ ■ ■ Un-i * Un (uqUi • ■ • Un-i * Un u-prenormal) 

t's immediate successors in T are to,... ,tn with £{ti) — Ui. Then T is 
finite. 

(v) <L = <- 

Remarks. The linear orderings of A and V both have order type uj ■ (1 + 77). (ii) 
and (iii) are immediate consequences of (i). (iv) is the division form version [10] 
of the normal forms of [9]. (v) was derived by the author from (iv); McKenzie 
derived (v) from (i). To <l compare v and w 'va.V using (iv), put w in x-division 
form (the decomposition given by (iv) where u = x) and compare the two forms 
lexicographically (see ([9], [10]) for details). 

Let be the infinite dimensional braid group (given by generators ui, (72, • • • 
and the relations (JnCfi = cndn {\i - n\ > 1), (Jncrn^i<^n = 0-^+10-^0-^+1). For 
a e let s{a) be the image of a under the shift map Ui —>■ o'i+i. Dehornoy's 
bracket operation [ ] on B^o is defined by a[P] = a ■ s(/3) • ui • {sa)~^. This 
operation is left distributive. If B is any left distributive algebra on one gen- 
erator X which satisfies left cancellation (as A turns out to be, because of the 
linearity of <l), then the action of a braid generator on a member of (B)^, 
given by (hi, 62, • • • , bi, bi+i, . . . )'^* = (61, 62, • • • , bibi+i,bi, . ..), extends to a par- 
tial action of i?oo on (B)'^ . And for each b & B there is an aj, e i?oo such that 
{x, x,x, . . .)°'^ = {b,x,x, . . .), given by = s, a^c = Oif,[ac]. Letting cl (a) be the 
closure of {a} under [ ], we thus have a homomorphism from B to cl (e). 

Theorem 6 (Dehornoy, [3]). 

(i) <L is irreflexive in ZFC. 

(ii) if a e Boo, then {cl{a), [ ]) = A. 

Also included in [3] are applications to Bco itself. In Larue [8] a direct proof 

;„ „; J„ „ „1 i- c rpi ci 
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Suppose jjk G £x. Define the nth iterate In{j,k) of (j, /c) by (writing In = 
In{j, k)) Iq ^ k, h ^ j, In+2 = In+iln- Then In+1 ° In = j ° k hy apphcations of 
the aob = abo a law. 

Let id be the identity function on Vx. Topologize {V\)^^ by taking basic open 
sets of the form {/ e (Vx)^^ ■ f \ Vq = g} {9 < X, g : Vq ^ Vx). Then Sx U {id} is a 
closed subspace of (Vx)^^. Namely suppose k e (Vx)^^, Oq < ■ • ■ < dn - • ■ ,sup{^^ : 
n < co} = X, kn & Sx and k = kn- Assume without loss of generality fco 7^ id, 
cr/co = /^o < ^0- Then Kn+i = k{nn) is well defined for all n, and by Kunen's 
theorem for the fcn's, sup{Kn : n < a;} = A. Since A; f V«„ : (VK„,e) (VK„+i,e) is 
elementary for all n, /c G £^a- 

A particular case is when A; is a direct limit of members of £x- That is, if In £ 
(n < uj), let lim : n < a;) be the direct limit map. Say that lim : n < a;) 
stabilizes if for each a: G Vx the sequence {{£n o • ■ • o£]^ o^o)(2;) : n < uj) is eventually 
constant. So if lim {£n '■ n < u>) stabilizes, then lim : n < u)) & Sx- 

For H C £xi let An be the closure of H under • , and let Vn be the closure of 
H under • and o. Let H be the topological closure of H; H = {k : ^ 9 < X 3h E 
Hk^h}. 

Lemma 7. If j, k E £x, crj > crk, In — In{j, k), then 
(i) cr/o = cr/2 = • • • , cr/i < cr/3 < • • • 
(a) /2n+2 = jok 

Cr l2n + l 

(in) n,m odd ^ Interim) < crIm+2 (whence sup(cr/2i+i) = A^. 

i 

(iv) if HQ Sx, then {p\Ve:9<X, pe Vn} = {p \ Vq : 9 < X, pe Ah}, whence 
An = Vn- 

Proof, (i) is clear. For (ii), if ||a;|| < cr/2n+i, then l2n+2{x) = hn+ihnix) = 

hn+lhnihn+ix) = hn+lihnX) = Il{Iox) (aS Im+1 O 1^ = h O Iq) . 

For (iii), pick a < cr Im with In-i{a) > cr Im (possible since cr/^_i = cr/o < 
crim)- Then cr/^+2 = Im+i{cT Im) > Im+i{a) = j ° k{a) by (ii), and j o k{a) = 
In o In-i{a) > In{crlm). lu particular, then, /i(cr/2n+i) < cr/2n+3 for all n, so 
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For (iv), let j, k G S\. Then there is a p G ^{j,fe} with p = {j o k). Namely, by 
rewriting j o k as jk o j if necessary, we may assume cr j > cr k. Let Im = Imi,ji k), 
and pick m with cr/2m+i > ^- Then /2m+2 = (j ° k) (so = {j o k)) and /2m+2 = 
hm+iihm-ii- ■ ■ iWiIo)))) e -^{JM- ^^^^ P^Vn and 7 < A there is g G 

with = p, by induction on Vn taking 9 = p{'j). This gives (iv). 

7 

We show, for a subsequent paper concerning limits, that if crj > cik, In = 
In{j,k), then lim (/2n+i '■ n < u>) stabilizes. 

Lemma 8. If j,k G £x and crj > crk (respectively, crj < ark), then there is 
an s & £\, s a direct limit of members of A{j^k}> with sk = j o k (respectively, 
sj ^ jo k). 

Proof. By rewriting j ok as jkoj if crj < cr A;, the lemma reduces to the crj > cr k 
case. Let In = In{j,k). By Lemma 7 (ii) and (iii), (/2n+i o ■ ■ ■ o I^ o Ii)(k) = 
l2n+2 = j ° and sup{cr/2n+i : n < a;} = A, so it remains to show that 
lim (/2n+i '■ n < w) stabilizes. If not, then by Lemma 7 (i) there would be an a < A 
with 

(/2n-l o • • • o /g o /i)(a) < (/2n+l o /sn-l o • • • o /g o Ii){a) 

for all n. Then by Lemma 7 (iii), sup{(/2n+i o • • • 0/3 o/i)(q;) : n < uj} = X. Pick 
such that k^{cT k) > a. By Lemma 7 (iii), pick m such that {j o k)^ {cr {j o k)) < 
cr /2m+i- Let am = (hm+i o • • • o /3 o h){a) > crhm+i- Then {hm+i o ■ ■ ■ o I3 o 
Ii){knVa)^ (hm+i o ■ ■ ■ o /s o /i ) (/c) n 5 (j o /c) n Kr hrr^+i ■ But the right hand 
side (unlike the left hand side) is a map h such that h^{cr h) exists, a contradiction. 

The inequalities showing that lim(/2n+i : n < uj) stabilizes, where Im = 
Im{j,k), crj > crk, can also be directly computed. For example, let 9n = 
(/2n+i)"+Hcr/2n+i). Then 

(1) 9n = {j O k){9n-l) < Cr/2n+3 

Proof. For n = 9q = /i(cr/i) < cr/3 by Lemma 7 (iii). Assume (1) is true 

c — „ 1 rpi r T T ^ ^ r la \ I ^ ^ a \ /u., 
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induction hypothesis and Lemma 5 (ii)) 

= hn{hn-l{^n-l)) = hnihn-liihn-lT {CT hn-l))) 
= /2n((/2n-l)"+'(cr/2n-l)) = (Wl)"^' (d Wl) = 
(2) On = hn+l{hn-l{- ' ' {hUhTieo))))) 

Proof. For n = the expressions are the same. Assuming it is true forn — 1 we have 

On = {30k){9n-l) = hn+lihniOn-l)) = hn+l{hn{hn-l{hn-z{- ' ' ihiI^-\eo))))))) , 

which, since l2k ° l2k-i — l2k-i ° -^2fc-2, equals the right hand side of (2). 

To see that hm (/2n+i '■ n < to) stabihzes on a given a < A, pick N such that 
{.12)^ ifio) > (possible since cr/2 < cr/i < /i(cr/i) = ^o)- Then by (1) and 

(2), 

{I2N+1 o ■ ■ ■ o I^o Ii){a) < (/2JV+1 o • • • o /3)(/^(6'o)) = 0n < cr /2iv+3- 

Theorem 9 (Steel [14]). If E Sx (n < uj), then sup{ cr (/coA;i ••• A;^) : n < 
a;} = A. 

Proof. For proofs of the basic facts about extenders sketched here, see Martin 
and Steel ([11], [12], [14]). Steel argues as in MitcheU's proof [13] that < is weU 
founded on normal ultrafilters, except using extenders. Suppose ^ < A. For k E £x 
let Ef. be the extender of length $ induced by k. That is, for a e [9]^^° let 
//^ = logfe(supa + 1). Let Ea ^ {X C [//^]« : a e k{X)}, and define Ef. = (K : 
a e [d]<^°). Let mt{V,El) be the ultraproduct of V by E^. The elements of 
Ult(y, -E^) arc equivalence classes [/, a], where a e [^]^^° and / : [fJ^a]"' ~^ ^- To 
define when [/, a] ~ [g, b], let a U b in increasing order be {ao, ai, . . . , ar}, a = 
{«io> • • • > b = {ako, • • • , ttfcj; then [/, a] ~ [g, b] iff {u : f{u) = g{u)} e Eaub, 
where /({70,... ,7r}) = {7^^, . . . , 7i„}, ^({70, . . . , 7r}) = {7^^, . . . , 7fcJ. Then 
Ult {V, E^) is well founded. Let if. : V ^ Ult {V, E^) be the canonical elementary 
embedding. 

If ^ < A is inaccessible, then claim Ve C Ult(y, E'f), in fact for each [/, a] 

„u Xi-v. ,„ f 1^ -fi f-P „1 :c x ^ a t . r_ln . 
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g : [5]^ ^ Vx, then [/, a] e [g, b] iff kf{a U b) G kg{aUb). Then by induction on 
p < 9 one estabiisties Vp C \Jlt{V,E^) by sfiowing eacfi kh{{p,a)) {a < Vp) is in 
Ult (y, E^), wliere {h{5, a) : a < Vs) is a well ordering of Vs {5 < log;, p). 

It follows that if = and that if £ e £x, then E^^ = if(£;J°^*^) n Fe- So 
E^^ e Ult (V, and is, there, the extender of length 9 induced by if (^). Suppose 
^ < A is inaccessible, k, k£ e £x and cik <9. Then we claim that i%9) > if.£{9). In 
V\t{V, El) let i'j^^ : Ult (V, E^ Ult (Ult (V, E^, E^^) be the canonical elementary 
embedding. Since 9 is inaccessible, for each a e [^]^^° every / : [p^^] — > 9 lies 
in Ult(F,Ef); thus 1^(9) = i'j^g(9). Since cvk < 9, Ult(F,Ef) ^ ^f(^) > ^ is 
inaccessible. Thus i^{9) > i'kf {9). This proves the claim. 

If the theorem failed, pick an inaccessible 9 < X with each cr {ko ■ ■ ■ k^) < 9. 
Then by the claim, for each n, iko---kr,(^) > ■^feo---A;„+i (^)' ^ contradiction. 

liH ^ Sx, let ctH = {cr k : k e H}. Note that since every member of P-^ is a 
composition of members of An, crVn — crAn (that fact is also a consequence of 
Lemma 5 (iv)). For X C Ord, let tpX be the order type of X. 

Theorem 10. IfTiisa nonempty subset of £x and for each 9 < X {h G7i : crh < 
9} is finite, then tp (crAn) = 

Proof. Since for every 9 < X, cr^-^ n9 — cr A^heH-.cr h<e} ^ ^i we are reduced to 
the case where Ti is finite. 

For p e (Sx)'^'^, P = {Po,Pi, ■ ■ ■ ,Pn), let e{p) = poPi ■ ■ -Pn- Let H* = {e{h) : 
h e {n)<^}. 

Lemma 10.1. tp (crH*) = u) and sup{crH*) = X 

Proof. For each S e crTi* pick hs € (Ti)^^ of minimal length such that cr [eijis)) = 
5. Then if hs = {ho, hi, . . . , hn) and m < n, then cr (/iq^i • • • ^m) < Namely, if 
m < n is such that cr{hohi ■ ■ ■ hm) > 5, then cr {h^hi • • ■ hm) — 5 would contradict 
minimality, and cr [hohi ■ ■ ■ km) > S would imply cr {hm+i ■ ■ ■ hn) = S, contradict- 
ing minimality. 

Now suppose for some 9 < X that ctH* (19 is infinite. Then T, the set of all 

,™ — j- u ^„ I x ^ „^n-i* r^a\ ; j ]„ „i ] u .i,; , 
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— * — ♦ 

infinite tree such that for each h e T, cr (e(/i)) < 9. Then an infinite branch through 
T contradicts Theorem 9. 

Let 7^ = 7„ be the nth member of cr (An) — cr (Vn) (n = 0, 1, 2, . . . ). 

Lemma 10.2. If p e (Vn)^'^ has length 2", then for some initial segment q of p, 

cr{e{q)) > 7n. 

Proof. The case n = is immediate. Suppose it is true for n — 1. Let p = 
{pi,P2, ■ ■ ■ ,P2")- Pick i < 2^~^ such that i — pi ■ ■ ■ Pi has critical point > 7n-i; if 
cri > 7n-i, we are done so suppose ct£ = 7n-i. Pick k, 1 < k < 2'^~^ minimal 
so that cr (pi+i • ■ -Pi+k) > 7n-i- Then by Lemma 1 (i) and (iii)a, pi • • -pi+k = 
^Pi+i ■ ■ -Pi+k - (-{Pi+i ■ ■ -Pi+k) for some p > 7^-1- Thus cr {pi ■ ■ -pi+k) > 7n-i, 
since cr {£{pi+i ■ ■ -Pi+k)) = £{cr {pi+i ■ ■ -Pi+k)) > 7n-i and p > 7^-1. So cr {pi ■ ■ -pi+k) > 

In- 

^From Lemma 10.1, it suffices for the theorem to show 
Lemma 10.3. crH* — crVrt 

Proof. Note that for p e Vn^ 1 < \ either there is an e 7i with p = h or for some 
h & 7i and q e Vhj P — Qh- Namely, by Lemma 7 (iv), p = r for some r e An- 
Then either r e 7^ or r is of the form ao(ai(- • • (a^/i))) for some h E H, ai E An, 
in the latter case take q = gq o ai o ■ ■ ■ o an- 

We need to show that 7n is the nth member of cr H* . Suppose this fails for some 
n, and pick p e Vn with 7„ = cip. Fix 7 > 7n, and let po = p. Inductively pick 
Pi £ 'Pn (for all i < 2"'+-^ if possible) such that for each m < 2"+^, pm+ihm = Pm 
for some km E 7i. If m < 2"'+^ and po,... ,Pm are chosen but Pm+i can't be, 
then Pfy^ = h for some h, whence p = hhm-i • ■ -hiho and crp e H*. If the p^'s 
can be chosen for all i < 2"+^, then p = p2"+i^2"+i-i " " -hiho. By Lemma 10.2, 
some cr (p2"+i^2"+i-i ■ ■ ■ ^i) ^ 7n+i) where i > since cip < jn+i- But then 
P = (p2"+i^2"+i-i • ■■hi){hi-i ■ ■■hiho) = hi-i ■ ■■hiho, giving 7^ G ciH*. 

This completes the proof of Theorem 10; note that it and the proof of Lemma 

in o „; I'f — 1-/ „„ 1 j-1 ;„ — ] ;„ rpi i ^^ f — „11 ^ \ ] „ ^ 
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there's a q E H* with p = q. 

We consider the case H = {j} below. For j e Sx let (7^ : n < a;) be the 
increasing enumeration of cr^^; so 70 — cr j. Let j(o) = id (recall id ^ Sx), = j 
and in general j(n+i) = j{n)j- Let = {pn^in '• P ^^j}- Then from Theorem 10 

and the remarks before Lemma 2, if • and o are the operations on P„ induced by 

* 

the projection map p pfW-rn^ ^mn > n) is the projection map from 
to Pn, then Vj, Vj, Aj are subalgebras of the inverse limit of {{Pn '• ^ ^ {'^mn '• 
m> n)). Parts (iii) and (iv) of the next theorem imply that CardP^ = 2". 

Theorem 11. (i) j{2^){crj^2^)) = crj(2"+i) (so in particular (crj(2") : n < u>) is 
increasing). And crj(jn) = ci^j{2"-) where n is greatest such that 2" divides m. 

(ii) crj(2") = 7n. 

* * 

(iii) ifi,m < 2" and i ^ m, then J(i)n^7«-i+i ^ J(m)n^7n-i+i- 

(iv) Pn = {j^i)hv,^ : i < 2-}- 

Proof, (i) By induction on the maximum £ of the subscripts appearing in the ex- 
pressions. For £ <1 there is nothing to prove. 

For the first clause, assuming (i) holds for all £ < 2"+-'^, we have by induction 
that cr j(2n+j) < cr j(2n) (0 < i < 2"). Thus j(2")(cr j(2n)) = j(2")(j(2"-i)(cr j)) = 
j(2")+(2"-i)(cr j) which, by Lemma 1 (iii)b, = j(2"+i-i)(cr j) = crj(2n+i). The 
second clause of (i) follows using the induction hypothesis. 

(ii) By Lemma 10.3 {7n : n < u} = {crj(j) : < i < a;}, which equals 
{cr_7(2") : n < u}} hy (i). Since (cr_7(2n-) : n < a;) is increasing, cr_7(2") = 7n- 

(iii) By induction on n. Given z < m < 2", if m 7^ 2"-^ + i, then the 
result follows from the induction hypothesis and the fact that j(2"-i+fe) 3{k) 
{k < 2"~-^). If m = 2""-^ + i and '^''='^^ j{m)j then 2""-^ — i applications of 
the rule p '''"='*' q =^ pj gj j[qI(\ J(^2"-i) i(2"): then contradicting 
cr j(2"-i) = 7n-i < cr j(2«). 

(iv) Given p & V. By Lemma 10.3 there is an i with p = pick z minimal. 
If crp > 7^, 1 = 0. If crp < 7^, then if i > 2"^, we would have by Lemma 10.2 an 
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Recall that A is the set of terms w in the operation •, in one variable x, and 
for j & Sx, w[j] is the member of Aj induced by the homomorphism which sends 
[x] to j. 

Theorem 12. {{u,w) &AxA: cr{u[j]) < cr{w[j])} is recursive and independent 
of j- 

Proof. The tables of the finite algebras Pa; can be defined without reference to large 
cardinals. Define a binary operation *fc on 2^^ = {0, 1, . . . , 2^° — 1} by 

m *fc = 

TO *fc 1 = m + 1 (mod 2^) 

TO *fe Z = [to *fc (z — 1)] *fc [to */. 1]. (1 < z < 2^^) 

To see that this constitutes a recursive definition of an operation, note that 
the equations imply *fc n = n, 2^^ — 1 *fc n = 0, and (by induction on m = 0, 
2^^ - 1,2^^ -2,... ,1) that TO *fc n = or m *fc n > m. By the latter clause and a 
similar induction, m *fc n is (uniquely) determined for all m,n < 2^. 

We claim that for m,n,£ < 2^, m *fc n = £ if and only if j{rn)3{k) — 3{i)i 
i.e., (2^^,*^) = [Jk-,-)- Namely, ( Jfc, ■) satisfies the first and third equations since 
j(o) — id cind (Jfe, •) is left distributive, and the second holds by definition unless 
m = 2^^ — 1, in which case j(2k-i)j = 3{2^) — i(o)- If v £ ^, A; < a;, the unique 
i < 2^ such that v[j] = j^i) may thus be computed in the algebra (2*^,*jt). And 
cr{v[j]) > 7fe iff i = 0, and if < i < 2^^, then cx{v[j]) = 7^, where 2^ is the 
largest power of 2 dividing i. For sufficiently large k the number i thus associated 
to w in (2'^,*fc) is nonzero (using the assumption 3X£x ^ and its consequence 
sup{cr : n < u>} — X). This gives an algorithm for comparing crw[j] with cru[j]. 

A number of statements about Aj and its members can be coded up as staate- 
ments about the {2^, *fe)'s, thus reducing them to problems in finite combinatorics, 
and raising the question whether those versions are provable in ZFC. Wehrung 
([15]) proved (in ZFC) that for m a positive integer, the free left-distributive alge- 
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that 2^ divides m. Regarding the result that tp(cr^j) = it can be phrased finite 
combinatorially as the statement that each term w in A, evaluated in each (2^^, 
is nonzero for eventually all A;, or as the statement that for alH > 1 there's a k 
with 1 *fc z 7^ 0. These (and other) versions aren't known to be provable in ZFC. 

A result of Woodin, using upward Easton forcing, is that it's consistent (relative 
to the consistency that some E\ ^ 0) that there are k,i. e £\ with k ^ I but 
k \ \ = £ \ \. However, if for some j e S\, /c,£ G Aj, then if k \ \ = £ \ \, 
then k = £. Namely, let cr(j) = a well ordering of of length n. Then 

<A= \J j^{<K)i the a;th iterate of <«, is a well ordering of V\ of length \j and 

n<u> 

by induction on Aj one has that for each p G Aj, p{<\) =<\- Then if k{y) ^ i{y) 
and y is the ath member of Vx under <;^, then k{a) ^ ^(a), as desired. 

Using Theorem 11, for j G E\ embeddings p, q' G Aj can be constructed with 
p \ Qx{Aj) = q \ cr{Aj) and p ^ q. Members of Aj, though, are determined by 
their restrictions to cr{Aj). 

Theorem 13. If j G E\, p,q & Aj, p ^ q, then p \ crAj 7^ q \ crAj. 

We remark that counterexamples show that "cr^j" can't be replaced in the 

In, 

theorem by ''cr An H 7n, where 7„ is least with p ^ g," nor can it be replaced by 
"{j"(crj) : n <a;}." 

Proof of the Theorem. 

Lemma 13.1. If k & £\, p < X, then for some S < X with crS > p there is a 
9 G crAk with k{< 6) < 9 < k{S). 

Proof Let k^^^ = kk, In = In{k^^\ k) (n < uj). Then sup(cr/2n+i) = A by Lemma 

n 

7 (iii). Pick an n such that p = cr/2n+i > P- Let 6 = A;(< p), of cofinality p > p. 
We have k{< d) = /2n+2(< p)- Namely, k{< S) = k{< k{< p)) = k^^^K k{< 

/i)) = (-^1 O /o)(< p) = (/2n+2 O /2n+l)(< /i) = -f2n+2(< l2n+l{< lA) = -^2n+2(< lA 

since p = cr/2n+i- 

We have k{S) = [h{< lop)] > [l2{< hp)] > [l3{< hp)] > ■ ■ ■ > [hu+2{< 
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[4(< /fc-i/u)] > [/fc+i(< hfJ')] (k < 2n + 1), we have that h-iifJ') > h-i{< A*) 
since cr/fe_i < and is regular, so [Ik{< Ik-il^)] > Ikilk-i{< lA) = h+i{< IklJ)- 

So k{< 5) = /2n+2(< A*) < hn+2{lJ) (since cr/2n+2 = crk < jl) < [hn+2{< 
/2n+i/i)] (since cr/2n+i = ^Ji) < [hn+i{< hnij)] < ■ ■ ■ < k{5). Therefore 9 = 
l2n+i{.lA is as desired. 

For w & A^lei w = w[j]. 

Lemma 13.2. Suppose F C A is finite and closed under subterms, n > CardF, 
S < X, crS > crw for all w & F. Then, letting (3 = j"(< S), we have 

(i) u{< P) = v{< /3) (aUu,v e F) 
(a) u{0) > uv{P) (all uv e F) 

Proof. By induction on CardF. If F = {a;}, it is trivial. Suppose F = F' Li {uv}, 
where uv ^ F' and F' is closed under subterms. Given n > CardF, cr S > crw (all 
weF),/3 = r{< 5). 

For (i) we have w{< /S) = t{< all x,t e F' . And wJ(< (3) = wJ(< j"(< 
5)) = mJ(< j{< j'^~^{< 5))) = uv{< u{< j'^~^{< S))) (induction hypothesis) 
= u{< v{< j"~n< <^))) = i"(< <^))) (induction hypothesis) = u{< /?), as 
desired. 

For (ii), u{P) = u{r{< 5)) = u{j{< r-\< 5))) = u{v{< j^-H< S))) = mJ(< 
uij'^~^i< <^))) > uv{u{< j"~-^(< S))) (since cr j'^-^(< S) = ct6> ctu) = m{(3). 

To prove the theorem, let p,q & Aj, p ^ q. Then by Theorem 5 (i), we have, 
say, p <L Q- Take w & A, w = p, w = uqUi • • -Um, uq = q. Let F be the set 
of all subterms of w. Applying Lemma 13.1 to k = p, there is a 5 < A with 
cr S > sup{cr w : w ^ F} and a ^ e cr Ap (whence in cr Aj) with p{< 5) < 9 < p{S). 

Let n = CardF, P = p{< 5). By Lemma 13.2, q{p) = uq > "mniP) > 
■ ■ ■ > uqUi ■ ■ ■ Um{/3) = p{/3), and u{< 13) = v{< (3) (all u,v E F). Claim there is a 
7 e cr Aj with p{< /3) < 7 < p{P). Namely, since p{< 6) < 9 < p{S), we have p{< 
(3) = p{< r{< 6)) = pj^{< p{< 6)) < pr{9) < pr{< p5) = p{r{< 6)) = p{(3). 
Take 7 = pr{9). 



Uq ■ --Ui^p^K (3)) = {Uo ■ ■■Ui){u^+l{< l3)) =Uo - ■■ U^U^+i{< Uo ■ ■ ■ U^{|3)) > Uo ■ ■ ■ U^+l{p{(3)) > 

uq ■ ■ • Wj_|-i(7). Thus 5(7) = Wo (7) > ""0 • • -Umil) = p{l)i proving the theorem. 
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